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ABSTRACT: Published data of dynamic birefringence and viscoelasticity of amorphous polymers were 
compared with the molecular expression of stress proposed by Gao and Weiner. The theory states that 
the stress is composed of contributions from the chain orientation (orientation term), the monomer 
orientation around the chain axis (rotation term), and the fluctuation of the local stress tensor (fluctuation 
term); the birefringence is composed of only two terms corresponding to the first two of the stress. The 
experimental data indicate that in the glassy zone and the high-frequency region of the glass-to-rubber 
transition zone the stress is attributable to the rotation and the fluctuation terms and the degrees of 
contribution vary with polymer species. For polymers with flat units (like polycarbonate), the fluctuation 
term is negligible and the relaxation spectrum in the glassy zone is low. For polymers with thin axi- 
symmetric units (like polyisobutylene) or bulky irregular units (like poly(2-vinylnaphthalene)), the 
relaxation spectrum in the glassy zone is enhanced by the fluctuation term. It is also argued that, for 
polymers with thin axisymmetric units, the relaxation spectrum for the rotation term resembles that of 
a dilute solution; the role of rotational barrier along the chain is relatively enhanced since the rotational 
barrier from the surrounding is low because of the symmetry of the unit and because of the high fluctuation 
of the local stress. Some experiments are proposed to verify the statements. 

Introduction 
The strain-induced birefringence of polymers is re- 

lated to the stress. In the rubbery and terminal flow 
zones of the stress relaxation or dynamic mechanical 
measurements, the deviatoric component of the refrac- 
tive index tensor, An, is proportional to  that of the stress 
tensor, u. 

An = Ca (1) 

This relation is known as the stress-optical rule, SOR, 
and the coefficient, C, is called the stress-optical coef- 
ficient.lY2 The relation does not hold valid in the glassy 
or glass-to-rubber transition zones. 

The birefringence over a wider range of time scale can 
be expressed by a modified stress-optical rule, MSOR, 
for quite a number of  polymer^;^-^ 

0 = a A  f OB ( 2 4  

where UA and m are functions of time and CA and CB 
are material constants. One of them, CA, is equal to 
the ordinary stress-optical coefficient, C. The different 
definitions of the other coefficient, CB, lead to different 
types of MSOR.3-5 The MSOR states that the stress is 
composed of two components and the SOR can be 
applied to  each component but with different coef- 
ficients; the ordinary SOR (eq 1) is recovered at long 
times where the contribution of rn to  the stress becomes 
negligible. 

The SOR is usually understood as due to the chain 
Orientation. Thus the SOR is expected to hold valid 
provided that the rotational orientation of units is 
random around the chain axis, as is the case for 
polymers in the rubbery plateau or in the terminal flow 
zones. At short times after the deformation, the units 
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may be oriented in a certain direction different from the 
deformation of the whole chain, giving rise to an extra 
birefringence. This contribution, which may relax 
rather rapidly as the unit rotates around the chain axis, 
may be a reasonable candidate for the origin of the 
second term of eq 2b. 

On the other hand, it is not so easy to understand 
the first equation (eq 2a) for the stress. The birefrin- 
gence can be directly related to the orientation of units 
because a definite polarizability tensor can be allotted 
to each unit. Since the stress is not directly connected 
to  a “local stress tensor” corresponding to the polariz- 
ability tensor of the monomer unit, it is not likely to be 
expressed by two terms representing the orientation of 
the unit. Recently Gao and Weiner proposed an expres- 
sion of stress similar to eq 2a but with three terms.7 In 
the present paper, we try to interpret the observed 
results in terms of their expression. It seems that the 
behavior in accord with the MSOR as well as that in 
disagreement with the MSOR can be understood by 
varying degrees of contributions of three terms in the 
theory. Also, we believe that the degrees are related to 
the structure of the unit. 

Experimental observations are reviewed first, and 
then the expression of Gao and Weiner is introduced 
before the discussion. Finally we propose a few predic- 
tions concerning the viscoelasticity and the structure 
of the unit to be examined experimentally. 

Experimental Observations 
Modified Stress-Optical Rule (Type I Polymers). The 

time variation of birefringence can be studied in terms of the 
. This is defined complex strain-optical ratio, O* = 0‘ + io” 

as the ratio of the birefringence, An,  to the strain, e ,  in an 
oscillatory elongational deformation of radian frequency, w ,  
just as the complex Young‘s modulus, E* = E’ + i E ,  is defined 
as the ratio of the tensile stress, u, t o  the  train.^-^ The 
relation between the birefringence and the stress can be 
expressed by a modified stress-optical rule, MSOR, proposed 
by the present authors for a number of polymers (type I) listed 
in Table l.5-14 We avoid the use of the lengthy rigorous names 
of polymers, which may be found in the original papers, and 
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Table 1. Type I Polymers 

PArl (11) 

use abbreviations in this paper. 

E*=E* R +E* G 

0" = CRE*R + C&*c 

PSF (12) 

Here E*R and E*G are complex functions of w and CR and CG 
are material constants. The former, CR, is defined as equal 
to the ordinary stress-optical coefficient, C, and the latter as 
equal to  the ratio of the imaginary parts, OIE, in the glassy 
zone, i .e.,  at high frequencies and low temperatures. The ratio 
has been found to be a monotonic function of w and to become, 
in the glassy zone, a constant over a wide range of w for all 
the polymers of Table 1, in spite of the wide variety of 0 with 
occasional change of signs. As an example, the result for 
polyi~oprene'~ is shown in the upper panel of Figure 1. The 
ratio is independent of the frequency at the low- and high- 
frequency limits. The low-frequency limiting value, being 
equal to the limiting value of O l E ,  is the ordinary stress- 
optical coefficient, CR. The high-frequency limiting value, CG, 
is not equal to O l E  in general. 

Equation 3 can be solved for E*R and E*c if measured values 
of E* and O* are substituted on the left-hand sides. E*R and 
E*G were found to be dominant components of E* in the 
rubbery zone and the glassy zone, respectively. In most cases, 
E*G varied more strongly with temperature than E*R. The 
function E*G was approximately common to the polymers of 
Table 1 in the sense that in the log-log plots of E G  and E G  
vs w the shapes of the curves were almost ~niversa1.l~ In 
particular, the slope for the imaginary part, d log E'Jd log w,  
at high frequencies is approximately the same for all the 
polymers of type I; the relaxation spectrum in the glassy zone 
is common to these polymers (except for the scale units). The 

PIP T, = -52OC 

log( waT/s-l) 

PI6 T, = 45OC 

0 5 10 
log( m T / S - l )  

Figure 1. Ratios O'lE (filled marks) and 0 " l E  (unfilled 
marks) for polyisoprene14 (PIP) and polyisobutylene (PIB).l9 

function E*R was approximately described with the bead- 
spring model theory,15J6 and the curve fitting gave a reason- 
able size for a Rouse ~ e g m e n t . ~ , ~ , ' ~  

The MSOR states that the stress is composed of two 
components and the SOR can be applied to each component 
but with different coefficients; the SOR is recovered at long 
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Table 2. Types 11 and I11 Polymers PVN T, = 160°C 

PVN (18) 
r 1 

Iog(oaT/s-') 
PIB T, = -45OC 

I , , , , I , .  I 
0 5 

log(oaT/s-') 
Figure 2. Comparison of E and 0 in the glassy zone for 
po1y(2-vinylnaphthalene)l8 (PVN) and polyis~butylene~~ (PIB). 
Cc/lO-ll Pa-' = 16 for PVN and -2.4 for PIB. 

times where the contribution of the G component becomes 
negligible. Obviously the R component is associated with the 
chain orientation. 

High positive CG values on the order of 3 x lo-" Pa-l were 
obtained for polymers which contained many benzene rings.6 
This was irrespective of whether the benzene ring was located 
in the chain backbone or in the chain side group. Some 
correlation was seen between CG and the content of the 
benzene ring. The values for polyisoprene (PIP)14 and Moll3 
were negative and the absolute values were low. These 
observations seem to imply that the G component of stress is 
associated with the anisotropy of local structures. 

Failure of the MSOR (Types I1 and I11 Polymers). It 
is expected that the MSOR fails for polymers that exhibit 
p-relaxation of viscoelasticity due to  the side-chain motion in 
the frequency range close to the main dispersion. This is the 
case with poly(alky1 methacry1ate)s. The birefringence as well 
as the viscoelasticity is complicated in the glassy 20ne.l~ 

On the other hand, the MSOR was found to fail for a few 
polymers for which no extra viscoelastic relaxation has been 
reported in the range close to  the main dispersion.18J9 The 
failure is such that the ratio O I E  is not a monotonic function 
of w but exhibits a minimum as exemplified for polyisobutylene 
(PIB)l9 in Figure 1; the agreement of 0 " l E  with O l E  at high 
frequencies is fortuitous. Direct comparisons of E and 0 are 
given in Figure 2 for poly(2-vinylnaphthalene) (PVN)l8 and 
PIB.l9 Here E is compared with a constant multiple of 0 in 
the glassy zone. Obviously, E" varies more slowly than 0" 
does for these polymers. In such a case, the assumption of eq 
3 is impossible as far as one allows only simple functions for 
E*R and E*G, of always positive values of the imaginary parts, 
for example. At least three components are needed if an 
MSOR of the same type is sought. 

For the case of PVN (we call a type I1 polymer; Table 2) the 
behavior is markedly different from that of type I polymers 
only in the glassy zone; in the transition zone, the behavior is 
similar to that of type I. A very slight tendency of the same 
behavior, overlooked at  the early stage of study, was detected 
also for polystyrene (PS) and poly(a-methylstyrene) (PMS).11J9 
The effect was very small and would not have affected the 
earlier analysis significantly. 

For PIB, which we call the type 111 polymer, the difference 
is not limited to  the glassy zone. A power law dependence of 
the loss modulus, E = w0,55 , was observed over about 3 decades 
of frequency range just below the maximum of E" in the glass- 
to-rubber transition zone (see Figure 2).19 This is in contrast 
with other polymers, for which log E is a sigmoidal function 
of log w in the corresponding region. A tendency similar to  
that of PIB, the failure of MSOR at high frequencies and a 

CH3 

power law variation of E in the transition zone, was observed 
for an ethylene-propylene rubber (EPRLZ0 

Molecular Expression of Birefringence and 
Stress 

Birefringence. In order to understand the observed 
features of the birefringence and the stress, we consider 
a simplified model. Suppose the polymer is composed 
of identical units that do not change the  shape over t he  
time scale to be investigated; the shape of the polymer 
chain is due exclusively to the rotation of t he  units 
around the  connecting bonds. This model is a gener- 
alization of that employed by Gao and Weiner7 in  their 
molecular dynamics simulation of a polyethylene-like 
free rotation chain. We assume that the polarizability 
tensor of t he  unit is diagonal with respect to the local 
frame fured to the  unit (molecular frame) for simplicity, 
and the deviatoric (traceless) components are al, a,, and 
a, where the subscripts represent the coordinate of t he  
molecular frame; 1 represents the direction of the chain 
axis and the 2 axis is taken in the  plane of the unit if 
the unit  can be regarded as flat to any extent. The 
birefringence in  simple elongation is written as follows. 

An 0~ a,(3aI2 - 1) + (a, - a,)(aZ2 - a32) (4) 

The quantity aj(t) represents the direction cosine of the 
j axis of the molecular frame with respect to the stretch 
direction and varies with time and from unit to unit. 
The bracket implies the average over all the  units in  
the system and over an ensemble of systems of the same 
deformation state. 

The two terms on the  right-hand side are due to 
optical anisotropies of the unit in two directions, re- 
spectively. The first term obviously represent the 
orientation of the chain axis and corresponds to the 
birefringence described with the ordinary SOR.1,2 The 
second term is due to the anisotropy of the unit in  the 
directions perpendicular to the  chain axis. This term 
must be small for polymers with &symmetric units. 
It disappears as the  unit rotates around the chain axis 
and is expected to be associated with a shorter relax- 
ation time than the first term. 
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We hope that the model picks up important charac- 
teristics of the chain, at least of polymers with many 
benzene rings and some other polymers treated in this 
paper, although real polymers are not composed of 
identical units and have delicate differences in the 
rotation of units. It may be obvious that the above 
statement is not valid if the unit changes its shape in 
the frequency range concerned, as is the case with 
methacrylate polymers. On the other hand, a very rapid 
motion of the part of the unit, like the rapid rotation of 
methyl side groups in some polymers, may not affect 
the argument provided that the quantities al, az, and 
a3 are regarded as averages over an appropriate time 
span. For definite conclusions in the future, it is 
necessary to confirm that the state of motion of the 
pendant group does not change in the frequency range 
concerned. 

Stress (Gao-Weiner Expression). Gao and Wein- 
er defined a local stress tensor with which the tensile 
stress in simple elongation can be written as 
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where uj(t) is the deviatoric (traceless) component in the 
molecular frame of the local stress tensor, assumed 
diagonal for ~implicity.~ The local stress tensor for each 
unit is defined as follows. The statistical mechanical 
expression of the stress can be derived from the gradient 
of the potential energy at each atom composing the 
system. The local stress of a unit in the molecular frame 
may be defined by grouping the stress terms for the 
atoms composing the unit. It depends on the packing 
state of the surrounding units and so varies with time 
and from unit to  unit. Thus it has to be included inside 
the bracket representing the ensemble average. Gao 
and Weiner performed molecular dynamics simulation 
studies of a polyethylene-like polymer model and ob- 
served that oj(t) for each unit was well approximated 
by a constant during the process of stress relaxation. 
On writing uj as the sum of the constant and the 
deviation therefrom (or the fluctuation), they derived 
an expression for stress which includes terms corre- 
sponding to  eq 4 and an additional term due to the 
fluctuation of oj. 

Here we write the local stress tensor as the sum of 
the equilibrium average over time and over all the units, 
qo, and the deviation from the equilibrium average, d q ,  
which may vary with time and from unit to unit. 

aj(t) = 0; + Goj(t) (6) 

The equilibrium average over all the units must be 
equal to the constant value meant by Gao and Weiner 
provided that the chain is long. Then the stress can be 
written as 

The first two terms on the right-hand side varies in the 
same manner as the two terms of eq 4. An explicit form 
of the last term of eq 7, due to  the fluctuation of the 
local stress, is given in the paper of Gao and Weiner. It 
may vary rapidly as guessed from its origin and from 
the result of simulation by Gao and Weiner. They 
showed that this term was quite large at short times 
for the polyethylene-like model. The first two terms 
were not separately evaluated in their paper. Obviously 
the second terms disappear provided that the unit is 

axisymmetric or that the units are rapidly rotating 
around the chain axis. 

It is obvious that eqs 4 and 7 do not tell much about 
the relaxation process until the quantities in the 
brackets are explicitly evaluated. On the other hand, 
the equations are of simple and clear forms and are 
fairly rigorous. Therefore, we would like to  examine 
how far and how reasonably they could be compared 
with the experimental results. The first terms of eqs 4 
and 7, which we call the orientation terms for short, are 
obviously due to the chain orientation and already 
discussed in the theories of SOR for rubbers.1,2 We 
mainly discuss the rest of the terms. We call the second 
terms “the rotation terms” and (do), “the fluctuation 
term”. 

Discussion 
On the Modified Stress-Optical Rule for Type I 

Polymers. The good applicability of the MSOR as 
shown above implies that the fluctuation term is much 
smaller than the rotation term for the type I polymers. 
This hypothesis may be supported by the fact that the 
monomer units of the type I polymers are mostly flat. 
This is true at least for polymers containing a phenylene 
group in the main chain in Table 1. The flatness means 
that the rotation term is large because the factor u2O- 
os0 is likely to be large. Also, we may claim that the 
fluctuation of local stress, 6 9 ,  must be smaller for flatter 
units than for symmetric thin units or irregular bulky 
ones. The local stress of a certain unit is determined 
by the packing of neighboring units around it. The 
flatter units may tend to pack more regularly in 
equilibrium as well as in the deformed state and so the 
deviation from the equilibrium average must be small 
in any state. 

One may say that cis-PIP has a relatively flat rigid 
unit; all the carbon atoms in a monomer unit lie on one 
plane. APOl also contains a rigid portion included in 
the main chain. The units of PS and PMS may not be 
very flat as dicsussed in the following section. 

The assignment of the G component to the rotation 
terms may be in accord with the result of a two- 
dimensional infrared dichroism study by Noda for 
polystyrene:21 the phenyl residue is aligned in the 
stretch direction on average at temperature and fre- 
quency where the contribution of the G component is 
large in the present study; they align perpendicularly 
to the stretch direction at a high temperature where the 
G component vanishes. The correlation observed for CG 
and the content of the benzene ring may also imply the 
strong relation of the G component to the rotation terms. 
In view of the present expression, CG should be propor- 
tional t o  the ratio of a2 - a3 t o  azo - u3O. For flat units 
the latter may be positive. The former may be positive 
for units composed mainly of benzene rings. The 
estimation of a2 - as, even only up to  the sign, for PIP 
and APOl seems very difficult. 

Failure of the MSOR for Types I1 and I11 Poly- 
mers. In Figure 2, the loss modulus, E ,  is compared 
with the corresponding component of birefringence, 0 ,  
for poly(2-vinylnaphthalene)ls and polyis~butylene’~ in 
the glassy zone. It may be noted that E decreases more 
slowly than 0 with increasing frequency. One remark- 
able fact is that the slope of the (almost straight) curve 
for 0“ at high frequencies is approximately the same 
for all the polymers referred to in this paper: The 
relaxation spectrum in the glassy zone derived from 0” 
is common to these polymers (except for the scale units). 
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On the other hand, the relaxation spectrum from E 
includes an extra short time mode in the case of 
polymers shown in Figure 2. This result is consistent 
with the statement of eqs 4 and 7 that the stress 
includes a relaxation mode with short relaxation times 
that is not included in the birefringence. It also implies 
that the relaxation spectrum due to the rotation term 
is approximately common to  all the polymers in the 
glassy zone. The variation in the behavior of E in the 
glassy zone is due to varying contributions of the 
fluctuation term for different polymers. 

The monomer unit of PIB is similar to  the polyeth- 
ylene-like model adopted by Gao and Weiner in the 
sense that it is fairly axisymmetric and relatively thin. 
One may expect that the factor az0-u3O is small. Also, 
the fluctuation of local stress, dai, may not be small; the 
units may be packed in a relatively random manner 
even in equilibrium, and the fluctuation of local stress, 
Le., the deviation from the equilibrium average, must 
be large. 

The fluctuation term could be large for PVN for which 
the unit is bulky and not flat. The unit may be 
anisotropic in the 2-3 direction but it may not be 
regarded as a flat unit included in the main chain 
because the naphthyl group must be rotating rapidly. 
The monomer units do not have to be packed as 
regularly and tightly as flatter units of the type I 
polymers do and the packing in equilibrium could be 
looser. This means that the fluctuation is likely to  be 
larger. The phenyl group of PS and PMS sticks out of 
the main structure as the naphthyl group of PVN and 
may be the origin of the slight deviation from the type 
I behavior. 

Following the above argument, we propose a modified 
stress-optical rule appropriate for types I1 and I11 
polymers. 

E* = E*R + E*G + E*F (84  

O* = CRE*R + C&*G (8b) 

The only difference from eq 3 is an additional term in 
E* representing the fluctuation term of stress. The 
term E*F can easily be evaluated from the data of E* 
and O*. For example, E F  can be obtained as the 
difference of the solid curve and the dashed curve of 
Figure 2. The quantities E* - E*F and O* are similar 
to E* and 0" of type I polymers and so E*R and E*G 
can be evaluated with an appropriate choice of the CG 
value. The imaginary parts of E*R, E*G, and E*F for 
PIB and PVN are shown in Figure 3. The fluctuation 
term is of the same order of magnitude as the rotation 
term in the glassy zone and relaxes rapidly before the 
glass-to-rubber transition begins. 

The values of CG are obtained in the above procedure. 
They were -2.4 x 
Pa-' for PVN. The large positive value for PVN may 
be consistent with the argument for type I polymers in 
view of the large anisotropy of the naphthyl group. The 
value for PIB is more negative than that for PIP, -1.1 
x lo-" Pa-'. This again seems reasonable because the 
unit of PIB is less flat than that of PIP. 

Speculation on the Power Law Frequency De- 
pendence of E for PIB. The loss modulus of PIB 
varies like E = w0,55 over more than 3 decades of 
frequency on the low-frequency side of the maximum. 
This means that the relaxation spectrum is represented 
by a power of relaxation time. The power law behavior 
is similar to that observed for dilute polymer solutions. 

Pa-l for PIB and 1.6 x 
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PVN T, = 16OoC 

0 5 4 

iog(oa+-' ) 

PIB T, = -45OC 

/- 

0 5 4' ' " ' ' " " " ' 
iog(wa+-' 

Figure 3. Components of loss moduli, ER", EG", and EF", 
obtained from the data of Figure 2 with eq 8 for PVN and PIB. 

The power law spectrum in this case is a result of the 
motion of linearly connected units in an isotropic 
frictional resistance of the solvent. 

We would like to claim that the chain connectivity is 
relatively important in the rotation term for PIB; it is 
not so important for other polymers, for which the 
rotational barrier of the surrounding medium is rela- 
tively large. One reason is that the fluctuation term is 
large for PIB, and in the time range where the fluctua- 
tion term has relaxed, the surrounding medium is more 
uniform and liquidlike compared with that of other 
polymers. Second, the unit itself is relatively thin and 
close to axisymmetric. These two factors would make 
the surrounding medium act like an isotropic liquid in 
the rotational motion of the unit. In such a case, the 
rotational motion would be largely affected by the 
rotational barrier along the chain, and the chain con- 
nectivity becomes important in determining the relax- 
ation spectrum. 

In fact, Ferry et al. has pointed out the importance 
of the rotational barrier for PIB, which they attributed 
to the two methyl groups on one carbon atom in the 
main chain.22 

Conclusion 
Published data of dynamic birefringence and vis- 

coelasticity of amorphous polymers can be classified into 
three groups: type I described by a modified stress- 
optical rule of eq 3, types I1 and I11 with an additional 
relaxation mode in the glassy zone, which contributes 
to the stress but not to the birefringence. Type I11 is 
characterized by the relaxation spectrum of a power law 
type in the glass-to-rubber transition zone. The char- 
acteristic features of various types are shown in Figure 
4. The type I behavior is observed for polymers with 
flat monomer units, type I1 for those with bulky ir- 
regular units, and type I11 for those with thin and axi- 
symmetric units. 

The additional relaxation mode for types I1 and I11 is 
suggested to be due to  the fluctuation term proposed 
by Gao and Weiner. It is also suggested that the power 
law behavior of type I11 is due to  the relatively high 
importance of the role of the rotational barrier in each 
chain for thin and axisymmetric units, for which the 
barrier due to the surroundings is low. 
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